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Abstract

Efficiently describing robot displacement is a complex task due to the immense number
of possibilities involved, making motion planning a fundamental challenge in robotics.
Defining the collision-free configuration space (C-free) has become essential to for-
malise this problem, with existing methods imposing limiting assumptions on the task or
only offering probabilistic guarantees of success. The C_IRIS algorithm was introduced
in 2023, which described collision-free motion for the first time in a rational, bijective
parametrisation of C-free, called the tangent configuration space (TC-space). This new
approach allowed assumptions to be made solely on the convexity of obstacles in the
3D Cartesian space while providing rigorous guarantees of non-collision.

This dissertation explores the implications of utilising the TC-space to describe ma-
nipulation planning tasks. In this work, we define the fundamental mathematical tools
necessary for manipulation applications, formalising their scalability within the context
of the tangent configuration space. We describe the forward and inverse kinematics in
this new parametrisation, formalise grasping constraints for standard geometries, and
showcase the implementation of these concepts using the Drake robotics toolbox. In
addition, we demonstrate the extent of C_IRIS to robots with universal joints. Ultimately,
our research aims to establish a foundation for future work in manipulation planning by
presenting current tools within the framework of this parametrisation.
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Chapter 1

Introduction

1.1 Motivation

Imagine a simple task, such as reaching a door handle or picking up your toothbrush.
Now, think about every step that your arm must take to achieve it: every time you move
a finger, twist your elbow, wrist, or shoulder; every direction or speed choice; how
you decide where to grasp the handle, or how you avoid touching the glass in which
your toothbrush is. Motion planning has been a fundamental challenge in robotics over
the last 50 years, and it presents itself as a question: How can a robot determine the
sequence of movements required to achieve a task?

In the mid-1980s, Lozano-Perez et al. (1987) described a robot system “Handey” already
capable of locating, grasping and displacing objects. The authors established then a
fundamental challenge that the field of robotics still struggles with today: dealing
with the number of options available while constructing a plan. This translates into
handling complex, high-dimensional tasks. We are interested in searching for more
efficient and generalisable approaches adaptable to diverse, sophisticated robots, as the
versatility of planning directly impacts the extent of robotics applications. This ranges
from household chores to industrial automation, medical surgery, prosthetics, or space
exploration.

The concept of configuration space (C-space) has become fundamental to formalising
motion planning, introducing a mathematical space where each point represents one
possible robot posture. Since its proposal (Lozano-Perez, 1983), this space has been
broadly used to describe trajectories. Previous approaches have tried to tackle the
complexity issue by constraining the tasks, dimensionality or obstacles, introducing
limiting assumptions that do not apply to realistic, complex scenarios. Alternatively,
other methods can achieve less constrained tasks via sampling, although sacrificing
guarantees of non-collision due to their probabilistic nature.

Dai et al. (2023) proposed an alternative, parametrised version of the C-space to describe
collision-free motion. As a result, this approach allowed assumptions to be made only
on the convexity of obstacles, while providing guarantees of non-collision and working
relatively fast in arbitrary dimensions. However, these advancements have not yet been
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explored in manipulation applications, which is the goal of this dissertation.

1.2 Project Aims and Limitations

This dissertation aims to reimplement and understand the advancements of the current
state-of-the-art in motion planning (Dai et al., 2023) while exploring the set-up of Dai’s
contributions extended to manipulation planning applications. These are concerned
with describing grasping constraints in a bijective parametrisation of the C-space, the
tangent configuration space, that Dai introduced.

We give a walkthrough on how to formalise manipulation planning tasks, setting a
foundation for adapting current approaches to using the tangent configuration space.
The main goal is to provide a baseline for future research to develop algorithms capable
of generating optimal trajectories for manipulation tasks in TC-space (see Section 8.1).

In terms of limitations, this work describes motion and manipulation without being
concerned with the proper physics and dynamics implications, focusing on planning.
Furthermore, similar to ongoing research, we provide examples restricted to one manip-
ulation object. As mentioned above, we are interested in replicating the state-of-the-art
in motion planning and providing a baseline for future manipulation applications.

1.3 Achievements and Contributions

For the purpose of this report, we have achieved the following goals and contributions:

* Gathered a deep understanding of the mathematical formulations of motion and
manipulation planning problems, their limitations, and the current state-of-the-art.

* Delved into the advancements proposed by Dai et al. (2023) on motion planning,
understanding the formulation of the tangent configuration space as a rational
parametrisation of the configuration space and its implications.

* Proved the scalability of Dai et al. (2023)’s contributions to robots with universal
joints, an extent that was not considered in the original paper.

* Implemented experiments carried by Dai et al. (2023) in the most recent version
of the open-source robotics toolbox Drake (Tedrake and the Drake Develop-
ment Team, 2019).

¢ Described the forward and inverse kinematics of a robot in the context of the
TC-space.

* Derived constraints for grasping standard geometries such as cubes, prisms,
cylinders, and spheres, offering visualisations in Drake.

* Ran experiments on Drake providing quantitative analysis on the results proposed
by Dai et al. (2023).

The code implementation for these contributions is provided in this GitHub repository*.

“https://github.com/julialopezgomez/MInf1—Dissertation. git


https://github.com/julialopezgomez/MInf1---Dissertation.git
https://github.com/julialopezgomez/MInf1---Dissertation.git
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1.4 Report Structure

The content of each chapter has been distributed as follows:

Chapter 2 discusses previous relevant research and introduces fundamental concepts in
robotics to understand the planning problem formalisation, as well as the implications
of this work. We also introduce the Drake software and its relevance in the context of
manipulation planning and this work.

Chapter 3 explains how to formalise the description of robots, their decomposition, and
mathematical representation. We introduce the monogram notation, how to describe a
robotic system in terms of its joints and links, and the assumptions made about the robot
in the context of this work. Additionally, we introduce our first contribution: proof of
the feasibility of a robotic system with universal joints in the problem statement via the
decomposition of this joint type into revolute joints.

Chapter 4 formulates a basic pick-and-place problem and introduces the pipeline of
a simple manipulation task, using the notation described in the previous chapter. We
also introduce the representation of a manipulation problem in C-space, and discuss its
translation to TC-space.

Chapter 5 describes a robot’s forward and inverse kinematics parametrised in TC-
space. These result in rational functions and are thus called rational forward and inverse
kinematics.

Chapter 6 presents the formulation of grasping constraints generalised for common
geometries, such as cubes, prisms, cylinders, and spheres, using the widely used robotic
manipulator Schunk WSG as an example.

Chapter 7 develops experiments to visualise the implications of the TC-space in
planning applications.

Chapter 8 draws conclusions from the previous sections, summarises the project’s
implications and contributions, and discusses the next steps in continuing this work.
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Background

2.1 Definitions

Motion and manipulation planning are the fields in robotics that deal with the
challenges described in Section 1.1, and thus the areas of focus of this dissertation.
Motion planning encompasses the challenge of describing how a robot can move from
one location to another in a given workspace, while manipulation planning extends this
challenge to the grasping and displacement of objects. Both problems entail avoiding
collisions with obstacles.

In this subsection, we introduce key terms to understand these problems in order to
comprehend the purpose, objectives, and relevance of this work:

* The degrees of freedom (DOF) of a robot are the number of independent vari-
ables that define its position and orientation in space. The DOF of a robotic arm
usually come defined by the angles of its joints. In Figure 2.1a, the pendulum has
two DOF because its position is defined by 0; and 0.

* The configuration of a robot is a specification of the position of all points of
the robot. Intuitively, it is a pose of the entire robot system. We can define a
configuration by assigning values to the DOF of the robot. See Figure 2.1b.

* The configuration space or C-space is the space of all configurations of a robot.
Its dimension is the number of DOF of the robot. In Figure 2.1, the C-space is
2-dimensional because the pendulum has two DOF. Each point in the C-space in
2.1c represents a different value for 0 and 6,, and thus, a different configuration.

We denominate collision-free configuration space (C-free) to the space of all
configurations in which a robot is not in collision.

* The task space is the space in which the robot operates in the real world (e.g., the
3D-Cartesian space for a real-life 3D arm). In Figure 2.1a, the task space is a 2D-
Cartesian space (because the pendulum is planar, not tridimensional) represented
by the axes £1,X>. The task space is distinct from the robot’s C-space, as one
point in task space may be achievable by more than one robot configuration.
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Figure 2.1: Adapted from Lynch and Park (2017). (a) A double pendulum, or 2-DOF
robot arm, with joint angles 61 and 6,, and link lengths L; and L. (b) The arm at four
different configurations. Each configuration is determined by the values of 6; and 6,. (c)
A sample representation of the configuration space of the pendulum, where each DOF
(61 and ;) can be any angle between [0,2).

With these concepts, we can visualise a motion planning problem in Figure 2.2.

A more extensive description of these concepts can be found in Lynch and Park (2017,
Chapter 2).

2.1.1 Dealing with Complexity

The complexity of motion and manipulation planning relies on the number of degrees
of freedom of the robot in question. The higher the number of DOF, the higher the
dimension of the robot’s C-space, and thus the more complex the planning problem
becomes (Lynch and Park, 2017, Chapter 2).

Robots with many joints, such as robotic arms, can have dozens of DOF, making
computational complexity a fundamental challenge and prompting many limitations
amongst proposed solutions, as discussed in Section 1.1.

2.2 Previous Work

2.2.1 Motion Planning and C-free Decomposition

In the early 1980s, Lozano-Perez (1983) presented the notion of configuration space as
an approach to motion planning for the first time. Ever since, it has been foundational
in robotics to describe the collision-free configuration space (C-free) to facilitate the
later computation of paths or trajectories within this non-collision area. The complexity
of describing C-space obstacles and the corresponding C-free has led to the use of two
distinct approaches:

1. The negative approach - describes the C-space obstacles directly from their task
space description. Then, C-free is described as their complement.

2. The positive approach - directly describes C-free as a union of simpler sets.
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Figure 2.2: Adapted from Lynch and Park (2017). On the left, a double pendulum
with two DOF 6; and 0,. In the centred picture, the pendulum taking its “end-effector”
(extreme) from the start to the end position in task space, while avoiding obstacles A,
B and C. On the right, the C-space of the double pendulum, with 8; in the horizontal
axis and 0, in the vertical one. C-space obstacles are the greyed areas A, B and C,
and the white background represents C-free. The motion from start to end, with the
intermediate configurations, is represented as a path in C-free.

2.2.1.1 The Negative Approach

Canny (1988) demonstrated that describing obstacles in task space for motion planning
is an intractable (NP-hard) problem. Consequently, researchers were forced to make
limiting assumptions about the robot’s capabilities. For instance, Kavraki (1995) only
allowed robots to translate and not rotate in the task space, while Branicky and Newman
(1990)’s research was restricted to two and three DOF robots. Hubbard (1996) attempted
to describe obstacles as sets of spheres, but it did not consistently provide an acceptable
level of accuracy. A review conducted in 2012 by Latombe (2012) revealed that task
space obstacles described with semi-algebraic sets could be transferred to semi-algebraic
obstacles in the C-space. Despite being a significant breakthrough, dealing with complex
geometries and computational complexity remained a challenge.

2.2.1.2 The Positive Approach

The positive approach breaks down C-free into smaller, more manageable sets, for
which efficient algorithms already exist. This is especially true when the simpler sets
are convex, including the algorithms developed by Schouwenaars et al. (2001), Deits
and Tedrake (2015b) and Marcucci et al. (2022). A variety of other methods have been
utilised for the positive approach, including Rapidly-exploring Random Trees (RRT)
(LaValle, 1998), Probabilistic Roadmaps (PRM) (Kavraki et al., 1996), and their varia-
tions. However, due to their stochastic nature, these methods only offer probabilistic
guarantees of non-collision, as they determine non-collision by sampling along the
paths. Schwartz and Sharir (1983) and Lozano-Perez (1983) attempted a method called
the “cell decomposition” planner approach, which involves dividing the configuration
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space into discrete, manageable cells to simplify path planning. However, this method
proved to be computationally infeasible, even for modestly complex scenarios.

Describing C-free rigorously when C-space obstacles are convex is possible but chal-
lenging. It has been proven that finding a minimal decomposition is NP-hard (Lingas,
1982) and approximating it is APX-hard* (Eidenbenz and Widmayer, 2003). Works
such as Lien and Amato (2007) and Ghosh et al. (2013) overcome these hardness results
by finding decompositions that are unions of approximately convex sets.

The IRIS algorithm (Deits and Tedrake, 2015a) accomplished to decompose C-free
into convex polytopes’ while being relatively fast and working in arbitrary dimensions.
However, the assumption of convex obstacles in C-space presented the challenge that
convex obstacles in task space are rarely convex in C-space (see Figure 2.2. Obstacles
A, B, and C are convex in task space - centred image -, but not in C-space - rightmost
image).

To overcome the challenge of dealing with convex C-space obstacles, Dai et al. (2023)
proposed the C_IRIS algorithm, compounding the current state-of-the-art in motion
planning. This work aims to describe C-free in a rational, bijective parametrisation
of the C-space*, known as the tangent configuration space (TC-space). Contrary to
the C-space, the TC-space guarantees that convex objects in task space are convex in
TC-space too.

C_IRIS is the first known method to rigorously approximate the decomposition of the
collision-free TC-space into certified convex polyhedra. Altogether, Dai’s contributions
allow relaxing the assumptions made by previous rigorous methods on the convexity
of obstacles in C-space, thus prompting the motion planning field with a baseline to
compute trajectories only making assumptions in the convexity of obstacles in task
space.

2.2.2 Manipulation Planning

In manipulation planning, research distinguishes between movable objects and obstacles.
Siméon et al. (2004b) defined movable objects as those that can only move when
grasped by a robot. Alternatively, obstacles refer to static or stationary bodies in the
task space, meant to be avoided.

Over three decades ago, Alami et al. (1990) presented manipulation planning as a
constrained version of a coordinated motion planning problem for the first time. This
approach led to a more general and computationally complex instance of the classical
problem defined by Lozano-Perez (1983), and has been explored by numerous works
(Siméon et al., 2002, 2004a,b; Latombe, 2012) ever since.

*An APX-hard problem is such that no polynomial-time algorithm can approximate its solution
within a factor of 1+ 8 of the optimum, for some & > 0, unless P = NP.
A polytope is a generalisation of polygons and polyhedra to higher dimensions.

This parametrisation is achieved by using the stereographic projection substitution: = tanE

(Spivak, 1994). In the context of this work, 8 corresponds to the joint angles of a robot system.
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Alami presented the solution to a manipulation problem as a sequence of subpaths that
satisfy the restrictions of grasping and ungrasping actions. These are categorised into:

* Transit paths - when the robot moves alone, or equivalently, the movable objects
are placed at rest.

* Transfer paths - when the robot holds the object.

In this context, the biggest challenge in manipulation planning is automating the decom-
position of motion into elementary transfer and transit paths. Previous works (Alami
et al., 1990; Barraquand and Ferbach, 1994; Koga and Latombe, 1994; Ahuactzin et al.,
1998; Nielsen and Kavraki, 2000) assumed that the grasping and placement configura-
tions were given in the problem description in the form of discrete sets. This did not
only rely a significant part of the task in the user, but limited its extent.

During the early 2000s, a group of researchers - Simeon, Cortés, Sahbani, and Laumond
- approached this challenge in a series of four papers (Siméon et al., 2002; Sahbani
et al., 2002; Siméon et al., 2004a,b), each one building upon the advancements of the
previous. These works presented an approach to manipulation planning by representing
grasping and placement constraints as subspaces of C-free, connected through transfer
and transit paths. This approach broadened the scope of the problem by allowing the
computation of continuous configurations directly in this decomposition of C-free. The
last paper in the series (Siméon et al., 2004b) depended on the task by exploring the use
of probabilistic roadmaps to refine the previous results.

While the advancements presented in these papers have laid a solid foundation for
modern manipulation planning, they still present limitations in scalability to robots with
a higher number of DOF, and more complex manipulation scenarios.

Several works have conducted further research in manipulation planning. For instance,
Diankov et al. (2008) proposed a method of caging grasps that ensured object security
without the need for precise control. Berenson (2011) delved into the definition of
constraints for robust manipulation strategies, while other researchers such as Saut et al.
(2007) or Haustein (2020) explored manipulation tasks with fingertip motions.

What these methods have in common is that they aim to represent grasping and place-
ment constraints in the C-space or task space, but none has yet attempted this task in
the tangent configuration space.

2.3 Drake

The experiments and implementation presented in this dissertation are run using the
open-source robotics toolbox Drake (Tedrake and the Drake Development Team, 2019).
Drake is a C++ library with Python bindings (pydrake library). It started to be developed
in 2016 to provide an interface to simulate complex manipulation applications capable
of generalising to real-world dynamics (Sherman, 2022). In this work, we make use of
the Python bindings, with functional code in any Drake stable or nightly release version
from February 2024 to the date this report was published.
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Released in 2019, Drake is still under development, with regular updates, deprecations
and new features in line with the state-of-the-art advancements. Although this presents
challenges such as adapting to new releases and navigating still limited online resources,
we have chosen this software because it is growing widely in the robotics community,
and it is unique to providing mature implementations of state-of-the-art research and a
simulation framework for manipulation tasks accurately scalable to real-world problems.



Chapter 3

Assumptions and Problem Statement

This dissertation assumes the same environment description as the one presented in
(Dai et al., 2023, Section 2), except for considering systems with universal joints. Such
environment is described in this chapter.

We are given a known task-space environment in which our robot, obstacles and movable
objects have been decomposed as a union of compact, convex bodies*. Robots can be
decomposed into links interconnected via joints (Figure 3.1), and we consider robotic
mechanisms with N joints and N + 1 links (including the ground).

Figure 3.1: A mechanism decomposed into two links (parent and child) + ground,
connected by two revolute joints 6; and 0,. The world frame W is represented in black,
reference frames related to the parent link are in red, and frames related to the child are
in blue. 0 represents the rotation of the parent link w.r.t. W, and 0, is the joint angle
between the parent and the child links.

“These requirements are selected because of their role in decomposing C-free into polytopic regions
with non-collision certificates. See Appendix A for details.

10
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3.1 Joint Requirements

The methods discussed in this work can handle robots with revolute, prismatic, planar,
cylindrical, spherical and universal joints. Throughout this report, we limit ourselves
to the use of revolute and prismatic joints, as the rest can be decomposed into these
two (Wampler and Sommese, 2011). In Appendix B, we include the derivation of these
decompositions. The decomposition of the universal joint is provided in Section 3.3, as
an expansion to the problem statement considered originally by Dai et al. (2023).

* Revolute (R): 1-DOF joint that rotates about an axis. We refer to the rotation
angle as 0. An example is a simple hinge or door handle.

* Prismatic (P): 1-DOF joint that translates in an axis. We refer to the translation
variable as z. An example is a straight linear rail.

0 and z are the C-space variables associated with the revolute and prismatic joints,
respectively. We assume that 0 is constrained to a complete rotation

—n<0;,<0<6, <™, (3.1)
and z is such that the displacement is finite:
71<5z<2z, (32)

where 0;,0,,7;,z, € R are fixed bounds for each individual joint.

We define our configuration space variable as the RY vector

g=|J{6i,z} forie{l,..,N} (3.3)

3.2 Notation

To describe the motion of robotic systems, we use the reference frames of their links
and joints. We are interested in representing position p and orientation R*. For this
purpose, we use the monogram notation:

B Pé' BpA ByA
Position of point or frame A Orientation of frame A Pose of frame A
measured from point or frame B measured from frame B | measured from frame B

expressed in frame C

(3.4)

X represents the spatial pose (or pose), which is the position” and orientation of a frame
relative to another. We can completely specify a frame using its pose X. The spatial
transform (or transform) is the “verb form” of the pose.

There are various methods to represent rotations, the most common in robotics being rotation
matrices, quaternions, Euler angles, or axis angles. For explicit definitions, see Appendix C.2.
TThe position of a frame coincides with the frame origin.
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A thorough description of this notation can be found in Tedrake (2023, Chapter 3.1).
Essential remarks on this notation:

* When we want to represent the position p of a point or frame A, measured from a
frame B and expressed in the same frame B, the subscript can be omitted:

A
Bp

B A
PB

 If we consider measurements relative to the world frame W, W can be omitted:

w W _A A WRAERA, WXAEXA

iy ="pt=pt,

A brief description of elementary Spatial Algebra operations represented with this
notation is given in Appendix C.1.

3.3 Decomposition of Universal Joints

This subsection constitutes our first contribution. Dai et al. (2023) stated that their
method was compatible with robotic mechanisms featuring revolute (R), prismatic, pla-
nar, cylindrical, and spherical joints. We have identified an additional known algebraic
joint, the universal joint (U), that can be deconstructed into two R joints and, thus, be
incorporated into Dai et al. (2023)’s approach. The derivation follows:

The universal joint (U) is a 2-DOF joint that rotates about two orthogonal
axes. That is, composed of two revolute joints (Lynch and Park, 2017,

p. 16).

Let ©iXCi(g;) be a transform that describes the relative motion between a
child C and parent P links of a robotic mechanism, constraint by the i
joint g; in the system.

When g; is U, ©iXC(g;) takes the form

. . M(\Ul) 03><1 :|
PIXCI i) =
(gi) { Ols 0

where M belongs to the SO(3)* and is parametrised with Euler angles such
that

#The SO(3) group, also known as the special orthogonal group, is the group of all rotation matrices.
A full definition can be found in (Lynch and Park, 2017, Chapter 3).
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[ cos(yix) —sin(yix) O cos(Wiy) 0 —sin(y;y)
M(y;) = | sin(y;yx) cos(yix) O 0 1 0

i 0 0 1 sin(yiy) 0 cos(yiy)
Ry (“I,’i ,x) Ry (‘\T’i 7y)

[ 1 0 0

O cos(Yiz) —sin(iz)

10 sinfyi0)  cos(io)
Rz(\l’i,z)

where one of the rotations

Rx(WLx)»

Ry(yiy) and R, () is the identity

matrix I° - that is, respectively, where one of the Euler angles Vi x, Wi,y OF
Vi, ; 1s 0. This ensures that U rotates along two axes, orthogonal to each

other.

More specifically, M can take one of the following three forms:

M ()
MY ()
M)

=Ry(Yiy) - R:(Wiz)
=Ry(Vix) R (Vi)
= Re(Wix) Ry(Wiy)

Thus, U is the composition of two R joints expressed as Euler angles.

Hence, we have shown the scalability of the C_IRIS algorithm, the rest of Dai et al.
(2023)’s contributions, and this work to a wider extent of robotic manipulators, including

the universal joint.

Wampler and Sommese (2011) provides a detailed explanation of algebraic kinemat-
ics; however, it does not touch on universal joints. In Appendix B, we include the
decomposition of the remaining algebraic joints handled by Dai’s work.



Chapter 4

Manipulation Planning Pipeline

In this chapter, we break down the manipulation planning problem. We formalise it
using a simple pick-and-place example (inspired from Tedrake (2023, Chapter 3)), and
introduce the setup of the problem in the context of the tangent configuration space.

4.1 Basic Pick-and-Place

Consider a simple pick-and-place problem. We have a robotic arm with a gripper
(end-effector), and we want to pick an object, place it in a different location, and finally
retract our gripper.

4.1.1 Problem Formalisation

We formalise the problem as follows. We are given

WXOinitial WXG WXOgoal (4 1 )

Initial object pose Initial gripper pose Goal object pose

These are the initial position and orientation (pose) of the object and gripper, and the
goal pose where we want to place the object with respect to the world frame W.

Our objective is to take the object O to the goal location. That is, to make:

XO — Xogoal

4.1.1.1 Assumptions
To take O to the goal location, we make the following assumptions:
1. When the gripper is open, the object does not move relative to the world:
Wx0=x9 isconstant. 4.2)

2. When the gripper is closed, the object does not move relative to the gripper:

Gx9 s constant. 4.3)

14
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Gpregrasp

0.2

0.12

Figure 4.1: Simulation in Drake. The gripper above is at pregrasping pose (X Crrevrasp),
and the one below at grasping pose (XGgfaSP), touching the object. The frame of each
body is represented, with the x axis in red, the y axis in green, and the z axis in blue.
The distance of the frame origins from Gpregrasp 10 Ggrasp is 0.2, and from Ggrasp to O,
0.12. Notice the y axis of Ggrasp is hidden as it overlaps with the z axis of O.

4.1.1.2 Grasping and Pregrasping

Pick-and-place problems require the setup of special grasping and placement frames.
These frames define the gripper’s pose when picking up or dropping the movable object.

Primarily, we need to consider:

* Ggrasp: The frame associated with the gripper at the moment of touching the
object for grasping or placement.

* Gpregrasp: The frame associated with the gripper at the step previous to picking
the object. This step is defined to prevent the gripper from colliding with the
object when approaching it.

These frames can be visualised in Figure 4.1. Generally, we are interested in defining:
* The pose of the object frame O relative to the grasping gripper:
Cerasp x O (4.4)

» The pose of the grasping gripper relative to the pregrasping gripper:
GpregrastGgrasp ( 4 5)
Example 1 Notice how, in Figure 4.1, the object frame O is slightly ahead the y axis
of Ggrasp. Likewise, Ggrasp is ahead the y axis of Gpregrasp. Considering the distances

provided in the figure, we can define the relative positions® by assigning these distances
to the y component of the displacement p:

Ggmppo _ [07 012, O]T, GpregmsppGgrasp — [0, 027 O]T

*The position/displacement in monogram notation is in the form Zp4 = [x,y,7].



Chapter 4. Manipulation Planning Pipeline 16

In this example, we have only dealt with displacement, not rotation or pose. We provide
a full example of how to compute the poses Cza» X and Cprezrase X Gerasp in Section 4.1.2.

Remark 1 Gripper grasping and pregrasping frames are used in most generic cases;
however, additional auxiliary frames can be predefined depending on the task. For
instance, common choices are Gposgrasp, if different from pregrasp, or Gejearance if @
further step is necessary to avoid collisions.

4.1.1.3 Simplified Pick-and-Place Pipeline

The grasping and pregrasping frames, together with the problem formalisation and
assumptions aforementioned, allow us to define a simplified pipeline of the manipulation
problem:

1. The gripper is open (Assumption 4.2 holds).

2. Move the gripper in the world to the pregrasp pose measured from the object:

X G — OX Gpregrasp

3. Do the same to the appropriate grasp pose:

XC — OxCerasp

4. Close the gripper (Assumption 4.3 holds).

5. Move gripper + object to the goal pose:
X0 — X Osou

The gripper moves with the object because of Assumption 4.3
6. Open the gripper.
7. Retract hand.

While this summarises the steps of a simple pick-and-place problem, there are still
intermediate poses that the problem needs to take into account. A thorough description
of the manipulation pipeline and the required computations is given in Section 4.1.2

4.1.1.4 Computed Special Frames
In Section 4.1.1.2, we mentioned about the Ggrasp and Gpregrasp frames that:
1. We were interested in representing their pose with respect to the movable object.

2. The pose of these frames with respect to the object needed to be predefined in the
problem description.
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Ggrasp and Gpregrasp are abstract: being defined relative to the object, they can take
different poses in the world frame, depending on the location of the object.

For this purpose, we use other special frames to define the exact poses of the gripper in
the world frame, and we compute them using Ggrasp and Gpregraspf.

When we are picking the movable object, we refer to these frames as Gpick, Gprepick
or Gpospick- Likewise, when we are dropping the object, we call the frames Gypjace,
Gpreplace OF Gpostplace- Again, we are interested in defining the location of these frames
with respect to the world frame:

Gpick Gprepick Gpostpick < X Gpick X Cprepick X Cpostpick
Gplace Gpreplace Gpostplace < X Gplace X Gpreplace X Gpostplace

Remark 2 These specific denominations and auxiliary frames are optional, and their
definition is up to the user and the task at hand.

For instance, generally, we are interested in pick, place, prepick and postplace frames.
This group handles the poses where the gripper approaches and retracts from the object;
hence, where we are concerned about collision with the object itself.

4.1.2 Pick-and-Place Pipeline

In this subsection, we describe how to compute relevant intermediate poses of the gripper
(with respect to the world) in a basic pick-and-place task, to develop an understanding
of the mathematical symbols and concepts and how they can be applied in practical
scenarios.

We consider the scene from Figure 4.1, and want to return the pick, place, prepick and
postplace poses of the gripper.

As stated in Section 4.1.1, W X Oiiial. WxG and WX Oseal are given in the problem descrip-
tion, and we can assume are known.

4.1.2.1 Determining Grasping and Pregrasping Poses

To compute the pick, place, prepick and postplace poses, we use the corresponding
grasp and pregrasp poses with respect to the object: T X© and Gpregrasp X Gerasp

Recall from Section 3.2 that the pose X is the position p and orientation R of a frame
relative to another. Since we are taking the scenario from Figure 4.1, we can infere
Garasp pO Gerasp RO Gpregrasp pGarasp and Gpregrase ROz from the information in the figure:

* From Example 1, we determined that:

0 0
Ggrasp pO — O 12 and GpregrasppGgrasp — 02
0 0

TThis also includes other predefined frames as mentioned in Remark 1.
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T e & &

(@) (b) () (d)

Figure 4.2: Simulation in Drake. The transforms of the gripper frame necessary to locate
it in the world frame W. From left to right, we refer to the gripper frames in each of the
four figures as Ga4,Gp,Gc and Gp. (a) G4 is above W, in the direction of G4’s y axis.
(b)(c) G, G¢ and W share origin but have distinct orientations. (d) Gp = W.

* In Figure 4.1, we can observe that frames Ggrasp and Gpregrasp have the same
orientation. We can represent this using the 3 x 3 identity rotation matrix:

Gpregrasp RGgrasp = I 3

e For G RO notice that visualisations (b), (¢) and (d) in Figure 4.2 represent the
rotations necessary to take the grasping gripper Ggrasp in Figure 4.1 to the object
frame O. We observe that we need two rotations: 90° rotation along the x axis*,
and 90° rotation along the z axis:

GgraspRO = Rx(goo) : RZ(900)7

where R,,(0) represents a rotation of 6 degrees around axis w.

4.1.2.2 Computation of the Gripper Poses

With the results obtained in the previous section, we proceed as follows using the
pertinent rules of spatial algebra (Appendix C.1):
GgraspRO ‘ Ggrasppo :|

01><3 ‘ 1

1 G0 = |

2. OXGensp = [Gerasp X0]+§

3|6 Ger
3. GpregrastGngp _ |: I ‘ pregrasp pygrasp :|

01x3 ‘ 1
GgrastGpregrasp — [GpregrastGgrasp} +
WXGpick — WXOinitial . OXGgrasp

WXGprepick — WXGpick . GgrastGpregrasp

N ok

‘/V)(GPI"‘C‘3 = WXOgoal . OXGgrasp

#The direction of rotation is clockwise, following the well-known right-hand rule (Wikipedia, 2022).
$Moore—Penrose Pseudoinverse: the inverse generalisation for non-square matrices. The full defini-
tion is given in Appendix D.1. X is usually squared, represented in homogeneous coordinates.
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8. WXGposlplace — WXGgoal . GgrastGpregrasp

Lines 5,6,7 and 8 compound the solution to our basic pick-and-place problem. Pseu-
docode showcasing the implementation of this computation in Drake’s notation is given
in Appendix D.2.

Remark 3 We showed how to compute pertinent intermediate frames. Advanced soft-
ware toolkits like Drake provide tools for computing pose transitions between such
frames using techniques like SLERP (spherical linear interpolation).

4.2 The Big Picture: Manipulation Trajectories in C-
space

4.2.1 From Intermediate Frames to Configuration Space

In the previous section, we showed how to describe steps in the displacement of a
robot attempting a manipulation task. But how do we plan for entire manipulation
trajectories?

In motion planning, trajectories are computed by finding optimal paths in C-free from
the initial to the goal location, navigating through robot postures guaranteed to be
collision-free. In manipulation planning, the problem becomes slightly more complex.
We not only seek to avoid obstacles but need to handle and displace objects. How
should we plan a path in C-space for a robot to achieve a manipulation?

We have already defined intermediate gripper positions in task space to accomplish a
manipulation task. However, what does the gripper’s position tell us about the robot’s
exact configuration? Inverse kinematics is the field that determines the different ways
in which a robot can define its angles to reach a specific position.

Inverse kinematics allows us to define in C-space which configurations achieve specific
manipulation poses stages like prepick, pick, place, or postplace. Given multiple
grasping options, we can visualize valid grasping poses as regions in C-space. This
approach expresses manipulation planning as a series of subpaths in C-free: moving the
robot to a “picking” or “prepicking” region, grabbing the object, and then transitioning
to a “placing” region in C-free.

4.2.2 Movable Objects and Constraints

A question emerges: how do we represent in C-space that the robot is moving the
object? Siméon et al. (2002) approached this problem by representing the configuration
space of the robot and the movable object in conjunction:

C-space = C-space x C-space (4.6)

robot ob ject

This way, each point in C-space described the location of the robot and object simulta-
neously. To represent manipulations in this C-space, Siméon et al. (2002) proposed the
the description of two subspaces:
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* C-spaceg,qsp, representing the configurations in which the robot is compliantly
grasping the object - at a valid grasping pose -, and

e C-spacepiacement» representing the configurations in which the robot laid at rest
without the need of a robot holding it.

These subspaces of C-space can be visualised in Figure 4.3.

CSfree

Grasp

Path

Figure 4.3: Adapted from Siméon et al. (2004a). A manipulation task in C-free. The
green region represents C-space iacement» the blue region C-spacegqsp, and the purple
region is the intersection of the two. A path is represented from the initial to the final
configurations, decomposed in transfer and transit.

Recall from Section 2.2.2 that manipulation trajectories can be decomposed into transfer
and transit paths, where in transfer paths, the robot carries the movable object, and in
transit paths, the object is at rest. With Siméon et al. (2002)’s approach, transfer paths
always lie in C-spaceg,qsp, While transit paths in C-space yjgcemens» Where the object is in
rest. The intersection of C-spaceg,qsp and C-spacepacemen: represents the configurations
where the object could be picked or dropped.

Remark 4 7o describe the subspaces described by Siméon et al. (2002), it is crucial
to effectively represent the grasping constraints: that is, the constraints that define the
regions where the robot can grasp the object. Chapter 6 exemplarises how to define
constraints for standard geometries.

4.2.3 Manipulation in TC-space

This study establishes a foundation for computing manipulation trajectories, similar to
the methods used by Siméon et al. (2002), but representing them in a bijective parametri-
sation of the configuration spaces described (TC-space). Representing manipulation
within the TC-space involves transcribing the constraints and paths of manipulation
tasks into a bijective parametrization of the configuration space (C-space) which has
been found to be beneficial in motion planning applications (Dai et al., 2023). In
TC-space, each point no longer represents a simple configuration but rather a one-to-one
mapping to other parameters. The bijective property ensures that every point in C-space
has one exact mapping in TC-space, thus allowing us to search for trajectories equivalent
to those in C-space.



Chapter 5

Rational Forward and Inverse
Kinematics

In the field of robotics, having a solid understanding of forward and inverse kinematics
is crucial when it comes to motion and manipulation planning. In the previous chapter,
we explained how to identify suitable poses or transforms for an end-effector (the
gripper) in the context of a manipulation task. But how do we associate gripper poses
with robot configurations? Two questions arise:

1. If we have information about the joint values of our robot, can we determine the
pose of its gripper?

2. Conversely, if we know the location of the gripper, can we find the joint values
that achieve that position?

Forward and inverse kinematics are methods used to address these questions. Essentially,
they enable us to map robot configurations to end-effector task-space locations and vice
versa. We formalise these concepts as follows:

Definition 1 (Forward kinematics) The forward kinematics (FK) of a robot refer to
computing the position and orientation of the end-effector frame - relative to the world
frame - from the robot joint coordinates q:

X% =£G(q) (5.1)

where g € RN is the vector of joint positions of the robot and G is the end-effector frame.
In Figure 5.1, the forward kinematics consist of determining the transform X© =1 x6
from the joint angles 01,0, and 0.

Definition 2 (Inverse kinematics) The inverse kinematics (IK) of a robot refer to
calculating all possible sets of joint variables q that could be used to attain a given
position and orientation of the end-effector:

g= i (X9) (52)
where g € RY is the vector of joint positions of the robot and G is the end-effector frame.

In Figure 5.1, the inverse kinematics consist of determining the joint angles 01,0, and
03 knowing only the pose of the gripper X©3.

21
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Figure 5.1: (a) 3R planar robotic manipulator with three links (/;,/, and gripper) + ground,
and three R joints 01,0, and 63. The movable object is represented as a crossed box.
(b) visualises the parent and child frames associated with each joint from (a). The world
frame W aligns with P;, and the end-effector frame is Cs.

Thorough definitions of these concepts can be found in most robotics textbooks, such
as Craig (2005), Lynch and Park (2017) or Tedrake (2023).

In this chapter, we introduce the mathematical formalisation of the forward and inverse
kinematics, describing their scalability to the tangent configuration space.

5.1 Forward Kinematics

A description of the forward kinematics parametrisation in TC-space is presented in
Dai et al. (2023, Section 3.3). In this section, we delve into this description and provide
relevant examples that will be useful in describing the parametrised version of the
inverse kinematics problem.

In Definition 1, we established that forward kinematics aim to determine the transform®
of our gripper X relative to the world frame W - or a reference frame F - in task space,
derived from the joint variables q.

We can represent this as a composition of rigid transforms’, expressed in homogeneous

“In the context of robot kinematics, poses are usually referred to as transforms. Pose and transform
are often used interchangeably in research.

"Type of transforms that occurs in Euclidean space and preserves the Euclidean distance between
every pair of points (Bottema and Roth, 1990).
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coordinates:
F pG F G
FyG _ R%(q) "p"(q) _ H[)iXCi(qi)'CiX[)i+l (5.3)
O1x3 1 ic[N]

where g € RY is the vector of joints of the corresponding robotic system or kinematic
chain* (from frames F to G), N is the number of joints and [N] = {1,...,N}. Let’s
break this expression down:

* Firstly, we associate a parent P; and a child C; frame to each joint g;. This can
be observed in Figure 5.1b. Frame P; is rigidly fixed to the parent link of joint g;
and, likewise, C; is rigidly attached to the child link of g;.

» "RY9(g) and ¥ p®(q) are the relative rotation and position, respectively, of frame
G measured from F, when each joint variable in ¢ moves by its corresponding g;.

* Likewise, FiXCi(g;) is the motion of the child frame C; of joint g;, relative to the
parent frame P; of the same joint, when the joint moves by g;. Intuitively, this
expression describes how each joint moves.

o CixPir1 describes the motion from the child frame of a joint C; to the parent frame
of the next joint Py 1. This usually represents some physical property of the i
link of the robot, such as its length. For instance, notice in Figure 5.1b how the

motion from frame C; to P is just a displacement given the distance of the first
link /;.

» Expression 5.3 assumes that the reference frame F is the parent frame of the first
joint Py, and that the frame of the gripper is the child frame of the last joint Cy.
Given that gy is the last joint in the chain, we can assume that CvxPu+1 i the
identity I°.

Wampler and Sommese (2011, Chapter 4) gives a thorough introduction to algebraic
kinematics. They stated that the transforms X% (g;) can be written in the form:

cos(B;) —sin(B;) 0 0O

FixCig;) = sm(()ﬂi) coséﬂi) (1) 8 if the joint ¢; is Revolute (8;)  (5.4)
o0 0 01
1.0 0 0O

PixCi(z) = 8 (1) (1) 2 if the joint g; is Prismatic (z;) (5.5)
(000 1

A kinematic chain is a sequence of links connected by 1-DOF joints. Our robot (as per described in
Section 3) and any subsystem of it are kinematic chains.
§Exceptions exist, for instance, when we need to account for the length of the last link.
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Likewise, when the transforms “X%i+1 represent the link length, they can be written as:

1000

. 0100

ClPHrl_

XM=1001 1 (5.6)
000 1

Remark 5 Notice that the expressions 5.4, 5.5 and 5.6 are presented for motion in the
3D Cartesian space. For planar (2D) motions, the transforms would take the form of
3 x 3 matrices instead of 4 x 4. This can be visualised in the following example.

Dai et al. (2023) provided an example derivation of the forward kinematics of a 2R
planar robot (a double pendulum), to compute the position of the end-effector. As
a contribution, we provide an example with a 3R planar robot manipulator, further
describing the FK behaviour in rotation as well.

Example 2 We formulate the FK of the robot in Figure 5.1 in the form of expression
5.3:
Wx6 =FxC(g)).CxP . Bx%0,). CxM . BxS(0;) -1 (5.7)

Given expressions 5.4, 5.5 and 5.6, we can expand Eq. 5.7 as follows:

cos(0;) —sin(0;) O 1 00
FxG =1 sin(6;) cos(®;) 0 |-|0 1 [
0 0 1 00 1
B Xglr(el) CixP
cos(0y) —sin(62) O 1 00
sin(B2) cos(62) O 01 b
0 0 1 0 0 1
Py ngr (8,) Cz;f@
cos(03) —sin(03) O
sin(B3) cos(63) O (5.8)
0 0 1
P3XE3,(93)

By deriving expression 5.8, we can write the position of the end-effector as:

17y (61,6,,6 —lysin(8; +62) — I sin(6
FpG(Q):PlpC3(91,92,93)=[ Dx ( 1,92, 3) :|: 2Sln( 1 2) 1Sll’1( 1)

Pipy*(61,62,03) I>cos (01 + 62) + 11 cos(0)
(5.9)

which can be expanded to:

pr(el,ez,eg) = —1>sin0cos0, — [ cosO; sinO> — [ sin O (5.10)
pr(ﬂl,ez,ﬂg) = 1>c0801c080, —[»sinO; sinO, + ] cos O (5.11)
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In terms of rotation, in our example, we can derive it intuitively by adding the angle
Joints: 01+ 0, + 03 (see Figure 5.2). If we expand expression 5.8:

cos(0] +62+03) —sin(0; +6,+63)

FpG( .\ _ PipCs =
R”(q) =""R*3(01,0,,03) = sin(0; + 02 +03)  cos(0; + 6, + 63)

(5.12)

we see that this rotation matrix generates a rotation of 01 + 02 + 03, validating our
initial intuition.

Figure 5.2: 3R planar robot manipulator. The figure visualizes how the orientation of the
end-effector can be computed by adding the revolute joint angles 6;.

The position equations 5.10 and 5.11 are multilinear trigonometric polynomials ". Ex-
pression 5.3 produces position vectors ¥ p®(g) whose elements are multilinear trigono-
metric polynomials. Thus, each component ' p,,%(g) assumes the form:

"ri(@) =Y cjw [ &ijwlar) (5.13)
7 il
where w € {x,y,z}**, &;jw € {c0s(0;),sin(6;),z;}, and [N] = {1,...,N}, with N being
the number of joints in the kinematic chain from F to G. ¢, € R is a constant that
represents some physical parameter of the robot, such as link length or joint axis.

Essentially, expression 5.13 formally describes that the elements of the position vector
p are multilinear trigonometric polynomials. The multilinear property is intrinsic in the

1t is important to handle modifications to the rotation matrices with care, as even minor changes,
such as axis flips, can produce a different outcome.
A multilinear polynomial, in the context of trigonometric functions, is such that each term of the
polynomial contains each variable (8;,z;) at most once, to a power of one or zero.
**w can be z because we have defined expression 5.13 for the general 3D case, where the position
vector has three components x, y, z.
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product [T;ew &ijw(qi), as it ensures that each joint variable g; appears at most once in
each term of the polynomial, to a power of one or zero. j is just a variable to index each
term in the polynomial.

5.1.1 Rational Forward Kinematics

While classic forward kinematics allow us to map robot configurations to task space
locations, rational forward kinematics deal with representing TC-space robot configura-
tions in task space. Rational FK consist of introducing a bijective parametrization of
C-space variables, which results in rational equations to describe the task space position
of the end-effector.

Recall from Section 3.1 that we defined the configuration space variable ¢ as a set of
revolute and prismatic joint values:

q= U{Gi,Zi}

fori e {1,...,N}, with N being the number of joints of the robot.

In the previous section, we determined that FK described positions as multilinear
trigonometric polynomial functions. The properties of these functions allow us to
introduce the stereographic projection’" (Spivak, 1994) to the revolute joint variables.
This consists of the following substitution:

f; == tan (%) (5.14)

By applying basic trigonometry, this allows us to write

e
IR

. 2t
1417

cos(6;) sin(6;) (5.15)
Remark 6 The stereographic projection is the mathematical tool that generates the
tangent configuration space. This parametrisation is bijective when 0; € (—,Tt), which
is one of the constraints that we assumed in the problem statement (Expression 3.1). As
observed in expression 5.15, this substitution generates fractional functions, hence is

considered a rational bijective parametrisation.

With this substitution, we introduce the tangent configuration space (TC-space)
variable s:

s = U{l‘i,zi} (5.16)

We can then formulate the rational forward kinematics as:

X =[5 kin(s) (5.17)

where s = [J;{t;,z;} € RV is the vector of TC-space joint variables, N is the number of
joints and i € [N].

T A visualisation of the stereographic projection is provided in Appendix E.1.
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Example 2 (continued) Following with our example, the formalisation of the TC-space
variable allows us to describe our end-effector task-space position (from expressions
5.10 and 5.11) as:

2t 1—42 1—¢2 2t 2t

F G 1 2 ' 2 1
1,t2,13) = —1 —1 -1
px(h,t3) 2<1+t12) <1+t§) 2(1+l12> (Hl%) 1(1“12)

(5.18)
112\ (113 2t 2t 11—
F G 1 2 1 2 1
t,h,t3) =1 —1 +1
Py (11:02,13) 2(1—|—t12> (1+t§> 2(1—|—t12> (1+t§> 1(1+r12)
(5.19)
which simplifies to:
—2bt (1 —13) = 2Lty (1 —13) = 2111 (1 +13)
Fpl(ti 1) = = (1+t12)(1+t122) 2 (5.20)
F (1. ta.t3) = L(1—)(1—13) —dhtity + 1, (1 —13) (1 +13) (5.21)
yae (1+6)(1+13)

For rotations, we determined that the orientation of our end-effector could be easily
computed by adding the angles of the revolute joints (in our 2D example). This can be
parametrised using a simple substitution according to the stereographic projection:

0;
= tan ( 5 ) & 0; :=2arctan(t;) (5.22)

such that the orientation 01 + 0, + 03 = 2arctan(t;) + 2 arctan(ty ) + 2 arctan(3).

Similar to expression 5.13, we can generalise the position of the end-effector with
rational forward kinematics as a rational function:

ijw sl) F g
Z w l—[}, gj (si) - F(J;Géj;? w € {x,,z} (5.23)
ic ijw w

where w represents each component x,y, z of the position vector p, N is the number of
joints in the system with [N] = {1,...,N}, and

Ffz] W( ) 1_t2 2ti Zj

e —_
27 27
gijvw( l) 1 +t 1 +tl \1/

Zi
cos®;  sin®; !

Like in equation 5.13, j refers to each term of the polynomial, and cj, represents
physical properties of the robot links.

Expression 5.23 essentially formalises that when using TC-space variables in FK, each
coordinate of the position of our end-effector is a rational function with a polynomial
numerator © ¥ (s) and a positive, polynomial denominator 7 g€ (s) .

FFgG(s) is positive since each denominator term “ ¢  (s;) is either 1477 or 1, which are strictly

positive.
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We can simplify expression 5.23 as

FpG(s) = "fo(s)
FgG(s)

where © f9 () is a vector of polynomials (with vector components x,y,z) and ¥ g%(s) is

a single, positive polynomial. Since in our problem statement assumptions (Section 3.1)
we constrained 0 and z, we can constrain the TC-space variable as well such that

;<5 <s,. (5.25)

(5.24)

5.2 Inverse Kinematics

Inverse kinematics (IK) present a more complex problem than FK in open-chain robots,
as more than one robot configuration may be able to achieve one task space location of
the end-effector. Thus, the IK problem can have multiple (even infinity) or no solutions.
In this section, we present as contribution the formalisation of the inverse kinematics of
3R planar robots following Example 2. We discuss the generalisation of the approach
and computations to higher DOF and the TC-space.

We continue with the example scenario from Figure 5.1. We want to determine the joint
angles 61,0, and 03 from a given end-effector position and orientation. We treat the
position and orientation as constants represented by:

x=Fr pf — The x component of the position vector ' p©.
y="- p;; — The y component of the position vector F pG.

&® = The orientation of the end-effector frame Cs.

We further assume that the link lengths of our robot /1, /; are given. From the derivations
presented in the last section (Eq. 5.9, 5.12), we can formulate a system of equations:

(1) X=-Db sin(91 + 92) —1[;sin©;
(2) Y =lpcos(0]+05) + 1 cosB; (5.26)
(3) =061 +02+63

where we have three equations and three unknowns 01,0, and 63. We can derive these

equations using the corresponding arithmetics. A step-by-step computation is provided
in Appendix E.2. We arrived at the following results:

X 2—2_x%_y?
0, = —arctan | — | - arccos [ =1 ) 5.27
1 (Y) ( 2 VX4 1? 27
—X—ll sin91
0, = arct ———— | -0 5.28
) arcan(Y—llcosﬂl) 1 (5.28)
0;=P—-0; -6, (5.29)

With this formalisation, we can infer the joint angles of any 3R planar robot similar to
the one in Figure 5.1%3.

$Notice that we must be careful with the use of the arctangent. In this situation, if ¥ < 0 or
Y — 1l cos0; <0, we need to add or subtract 180° to the computations of 8; and 6,, whatever adapts to
the range —7 < 6; < 7.
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Example 3 We consider a practical example in which our 3R planar robot has link
lengths 1) = 3,1, =2, and we want to place the gripper at position [—1,—4], with an
orientation of 180°. That is: X = —1,Y = —4 and ® = 180. Substituting these values
in Equations 5.27, 5.28, 5.29, we obtain the following results:

01~ 193.18°, By, ~ —70.53°, 03,~57.35°
015~ 139.75°, 8y, ~70.53°, B3, ~ —30.28]

For 01, to be in the range (—7, ), we subtract 360 and obtain —166.82°.

5.2.1 “Rational” Inverse Kinematics

In the context of the TC-space, the “rational” inverse kinematics problem consists of
mapping end-effector locations to TC-space variables s = | J;{#;,z;}, such that

5= Fradin(X©)

rat _kin

This can be done in multiple ways. For instance, we could simply calculate the classic
IK for C-space variables, and then apply the stereographic projection to the revolute
joint angles 0; obtained.

Example 4 We parametrise solution “a” from Example 3 using t; := tan %. We obtain
1 ~ —8.60,1p ~ —0.71,13 = 0.55. By substituting in Eq. 5.20 and 5.21, we get that
px~ —0.999 and p, =~ —3.999, matching the initial values X = —1,Y = —4.

Alternatively, we could compute expressions similar to Eq. 5.27, 5.28 and 5.29, but for
TC-space variables. That is, create a system of equations from Equations 5.20, 5.21,
and the 61 4 0, 4 03 parametrised using Eq. 5.22, and solve it for each #;. This produces
a system of polynomial equations, as opposed to the multilineal system described in Eq.
5.26. Therefore, there are trade-offs with both formulations, as one needs to deal with
high-degree polynomials and the other with trigonometric equations.

5.2.2 Scalability to Higher DOF or 3D Robots

In the previous examples, we discussed the inverse kinematics (IK) of a 3R planar robot.
The forward kinematics (FK) and IK problems have different solutions for each robotic
system. In cases where robots have more degrees of freedom (DOF), the system of
linear equations described in Equation 5.26 would have a larger number of unknown
variables, leading to a problem with a higher number of possible solutions. Thus,
increasing the complexity of the computation. Dealing with 3D robots, as opposed
to planar, involves considering more given information. In such cases, we need to be
given the position with a z coordinate and the orientation of the end-effector with 3D
rotations in one of the forms presented in Appendix C.2. Essentially, this is a slightly
more complex instance of the problem too. However, the resources provided in this
chapter are sufficient to formalise the 3D instance of the problem.



Chapter 6

Manipulation Constraints

As mentioned in Section 4.2, the definition of grasping constraints is crucial for the
description of robotic manipulation in C-space and TC-space. In this chapter, we
explore how to define constraints on standard 3D geometries, providing visualisations
in Drake*.

All the constraints provided are simulated with the widely used robotic gripper Schunk
WSG (Schunk, n.d.).

6.1 Constraints for Standard Geometries

In this section, we discuss possible grasping constraints for cubes, prisms, cylinders
and spheres. We define these constraints as poses of the object relative to the gripper
GxO9, similar to in Chapter 4, but discussing the full range of plausible grasping poses
for each object. The descriptions provided in this section can be later used to compute
gripper poses in task space, and from there, IK can be applied to determine grasping
regions in C-space and TC-space.

It is important to note that universal constraints do not exist, even for geometric objects
of the same shape. When planning grasping tasks, the user must consider which grasping
locations are appropriate for the specific object and circumstances, as many factors
can be present, such as weight, velocity, stability preferences, etc. We provide some
standard constraints as an example, to serve as ground for escalating to more complex
systems.

Assumptions: For the purpose of defining the constraints, we made the following
assumptions:

* Every geometry discussed has at least one dimension smaller than the gripper
claw, so grasping is feasible.

* We placed the frame of the object at its centre to consider grasping constraints
relative to that position.

*All the frames depicted in the visualisations provided in this report are represented with the x axis
in red, the y axis in green, and the z axis in blue.
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6.1.1 Cubes

Cubes can be grasped from above or the sides. We focused on representing the angle
and orientation at which the gripper can approach the object.

We need to define position and rotation constraints.

For position, we set the distance from the Schunk frame G to the object frame O to 0.11.
We can also define this in a range, depending on the size of both the manipulator and
the object (See Figure 6.1). These values are chosen based on the physical properties of
both the gripper and the object at hand. For cubes with side length k, and grippers of
length / (from the gripper frame origin to the tip of the fingers), we generally do not
want the distance from G to O to be outside the range [ £ %

Figure 6.1: Visualisation in Drake. Two grippers grasping a cube at different heights. In
this specific simulation, the distance from the gripper frame to the object frame ranges
between 0.095 and 0.13.

Since O is ahead of the y axis of G, we define the position constraint as

X
Gp =1 ¢y, | for0.095<Cy<0.13 (6.1)
<

We can similarly define position constraints along the x axis.

In terms of rotation, we represented how the gripper can be inclined along both the
x and y axes of the object. To compute the rotation constraints, we decided to set a
constant distance for simplicity.

See Figure 6.2. It represents how grippers rotate about the y axis of the object. To define
this constraint, we observed that this rotation happened about the x axis of the gripper.

If we look at the two gripper frames that delimit the rotation, we can see that a rotation
about the x axis is necessary to align the z axis of the gripper and object frames. This
rotation happens in the range [1,0]. Once the z axis is aligned, we only need to make
a rotation of 7 radians about z to align the gripper and object frames. Therefore, we
defined the first rotation constraints as follows:

GRO = Ry(Cy) - R. (g) for0 < Cy<m 6.2)
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Figure 6.2: Simulation in Drake. Gripper in different rotations along the y axis approach-
ing the cube in valid grasping poses.

We can do the same for constraining rotation about the x axis of the object (see Figure
6.3). In this case, the x axis of the object and gripper are already aligned, hence we did
not need the z rotation. We defined the following rotation constraints:

RO =R,(C,) for0<C,<m (6.3)

Figure 6.3: Simulation in Drake. Gripper in different rotations along the x axis approach-
ing the cube in valid grasping poses.

6.1.2 Prisms

In terms of prisms, we have assumed that they are lying on the surface on their long
side. We can split the calculation of grasping constraints into three sections. In Figure
6.4a, we have plotted the grippers that delimit these regions.

For the first region (Figure 6.4b), we defined both specific position and rotation con-
straints. For rotation, given that the x axes of the gripper and object frames were aligned,
we represented the constraints as

GRO = Ry(Cy) for 0 < Cy < g 6.4)

In terms of position, this scenario is slightly more complicated. Notice in Figure 6.4b
that every grasping pose in this section places the tip of the Schunk in the same position
respective to the object centre. For a prism with horizontal length k, and height m, the
distance from the object frame to this position is "‘Tm If we let the length of the gripper

from frame G to tip be /, by looking at Figure 6.4b, we determined:
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(@) (b) () (d)

Figure 6.4: Simulation in Drake. Gripper in different poses to grasp a prism. (a) visualise
the grippers in the delimiting positions that separate the relevant sections for computing
constraints. (b),(c),(d) represent the grippers delimiting each region.

0
« The horizontal gripper is at distance ¢p©® = | 1+ ’% from the object frame.
0
0
* The vertical gripper is at distance ¢ p? = l from the object frame.
k—m
2

We formalised the geometrical considerations of the position of the gripper in Figure
6.5. We established that the position was dependent on the rotation, such as:

0
GpO = | 1+ .cos(ORO) | for0< 9RO < g 6.5)
]% -sin(“R?)

Where “R? is the rotation about the x axis determined by expression 6.4.

Figure 6.5: Inverted unit circle visualisation on gripper rotation. The position of the
gripper frame changes relative to the angle of rotation.

The constraints for the region in Figure 6.4d can be similarly computed by adapting the
signs of the expression accordingly.

For the constraints of the section represented by Figure 6.4c, we defined them as:

k— k—
GpO=1| 1 |, for— Tm <C, < Tm (6.6)

C
GRO _R, (g) 6.7)
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6.1.3 Cylinders

To define the grasping constraints of cylinders, we assumed that the object was placed
vertically and that the grasping was produced along the cylinder (See Figure 6.6).

Figure 6.6: Simulation in Drake. Multiple Schunk grippers grasping a cylinder at valid
grasping poses.

We assume the cylinder has length k and radius r, and denominate the length from the
gripper frame to the tip of the fingers as /. Considering that the x axis of the object and
gripper frames are aligned, we define the constraints of the cylinder as follows:

G O 0 k—r k—r
p’=1 11|, for— <(C, < > (6.8)
C;
ORO =R.(Cg.), for —m<Cg.<m (6.9)

6.1.4 Spheres

Spheres conform the geometry with less restricted constraints from the ones we have
seen (see Figure 6.7).

Figure 6.7: Simulation in Drake. Gripper in different rotations to grasp the sphere.

Any orientation that positions the gripper above the ground is acceptable. However, we
must be cautious, as even if individual rotation axes are constrained to the hemisphere,
a combination of them may not fulfil the requirement.
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Hence, we decided to represent this instance differently, as a combination of constraints
of the object measured from the gripper frame, and vice-versa. We therefore formalised
the constraints of the sphere as:

(6.10)

, forC,>0 (6.11)

p%k S ~ O

The first component of the constraint implies that the gripper always faces the sphere
centre in the y axis at a distance of /. The second term indicates that any position of the
gripper relative to the object is valid, but the z component must be positive, ensuring
that the gripper stays in the upper half-sphere.



Chapter 7

Simulations, Experiments and
Discussion

7.1 Visualisation of Grasping Constraints in C-space

Figure 7.1: Simulation in Drake. Adapted from Tedrake (2023, Notebook 6). C-free in
conjunction with the grasping space of a cylinder in the presence of other cylindrical
obstacles and a set of shelves. In red, the C-free. In green, the configuration space of

the grasping.

36



Chapter 7. Simulations, Experiments and Discussion 37

Figure 7.1 represents the configuration space of a grasping action for a cylinder in
green and the C-free space in red. We adapted this simulation from Tedrake (2023,
Notebook 6), modifying it to represent the grasping constraints of a cylinder.

This visualisation conceptualises the complexity of the configuration space and the
abstraction that it assumes from the intuition of task-space applications.

In the context of further research, we are interested in identifying the intersection of the
two subspaces and analysing its resembling with the equivalent in TC-space. Exploring
the topology of these spaces can prove essential to optimise methods that utilise them.

7.2 Growing Polygons with C_IRIS

(a) (b)

Figure 7.2: Simulation in Drake. TC-spacevisualisation of the C_IRIS algorithm. (a)
shows the default seeding points presented by the authors to generate the convex
regions in C-free. (b) plots these regions in the first few iterations of the algorithm, using
the bilinear alternation method.

(@)

Figure 7.3: Simulation in Drake. TC-spacevisualisation of the C_IRIS algorithm. (a)
shows newly added seeding points more central in C-free. (b) plots the regions generated
in the first few iterations of the algorithm, using the bilinear alternation method.

We conducted an experiment exploring the effect of the seeding point locations at the
time of generating convex polytopes. For this purpose, we defined new seeding points
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more centric in C-free and ran the C_IRIS algorithm comparing the new seeds with the
default ones. Figure 7.2 shows the growing regions with the default seeds, while Figure
7.3 does the same with the newly defined. We can observe how the new seeds clearly
generated bigger polytopes, thus performing better. Not only that, but it did so in a
runtime of 278.28 seconds, as opposed to 309.99 seconds for Figure 7.2.

It becomes apparent that the location of initial seeds plays a role in the efficiency of
C_IR1s. Thus, it is a matter that should be explored in the future.
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Conclusion

In this report, we have explored the implications of using the TC-space in motion
and manipulation planning applications. We expanded Dai et al. (2023)’s advances to
accommodate robots with an additional type of joint (Universal), and presented the
mathematical tools necessary to understand the formulation of the manipulation plan-
ning problem. We provided relevant examples and derived calculations to demonstrate
the practical implementation of the techniques described. We have also formalised
and explained the forward and inverse kinematics problem, presenting a description
of the IKs in this context for the first time. Additionally, we have defined grasping
constraints for standard geometries and used the Drake robotics toolbox to visualise the
implications of the concepts described.

The primary objective of this work was to introduce the concept of manipulation
planning and provide a detailed description of the tangent configuration space. This
serves as a solid foundation for individuals new to this field to appreciate the significance
of this task and explore further research opportunities. By presenting a comprehensive
overview of the essential tools in robotics, we aim to facilitate a better understanding
of this subject matter, leading to the expansion of knowledge and the advancement of
research in this area.

8.1 Future Work and MInf 2

There are numerous ways in which the concepts described in this report could be
used, redefined and extended in the future. The immediate continuation of this work
would be to implement the tools described here to formulate an algorithm to compute
manipulation trajectories in TC-space. This goal entails the cohesion of the contents
of this work, algorithmic theory, and mathematical optimisation, together with the
Drake toolbox, on generating complete manipulation simulations and comparing them
with previous approaches to analyse the effects of the tangent configuration space
parametrisation.

Additional work could also be carried out by doing further experiments and analysis on
the methods presented by Dai et al. (2023). That is, conducting a more extensive review
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of the efficiency of the algorithms proposed to gain a richer idea of the scalability of the
contributions.

Further work could be developed in the definition of constraints and the rational
parametrisation of the inverse kinematics. While we provided an introduction to the
problem and planar computational examples, there is still a vast extent of ways in which
to explore the depth and limitations of robot kinematics.

In addition, a continuation of this work could also target physical manipulations, at-
tempting to implement the methods discussed for real-world arms and applications.

8.1.1 Minf2

Next year, we intend to continue exploring the field of manipulation planning in the
context of TC-space applications. Although a thorough plan is not yet in place, the
above expansions have been presented as plausible topics for the MInf Part 2 master
dissertation. Primarily, the objective is to formulate an algorithm to describe manipu-
lation motions in TC-space, analyse its implications and compare it in the context of
current research, as this has not been explored before in the robotics field.
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Appendix A

Requirements for Non-Collision
Certificates

We assume that the robot, obstacles and movable objects in our environment are
decomposed into convex, compact bodies.

Specifically, for the purpose of decomposing C-free into certified convex polytopes, we
require our robot and obstacles to be decomposed as a union compact, convex sets that
can be expressed as Archimedean, basic semialgebraic sets*.

A.1 Archimedean Property

We formally define the Archimedean property as:

Definition 3 A semialgebraic set S, = {x|gi(x) > 0,i € [n]} is Archimedean if there
exists N € N and A;(x) € X such that:

n

N—iﬁzmw+ihwﬁﬂ

i=1

where [n] = {1,...,n} and ¥ is the cone of Sums-of-Squares (SOS) polynomials’.

Intuitively, this definition ensures that the space described by the equalities and inequal-
ities of the semi-algebraic set do not extend out to infinity.

This requirement is necessary to provide non-collision certificates as per the definitions
of Dai et al. (2023). Specifically, the Archimedean property allows to certify the
positivity or infeasibility of the generalisation of these two programs:

*A basic semialgebraic set is a set defined by polynomial equalities and polynomial inequalities, and
a semialgebraic set is a finite union of basic semialgebraic sets.
TAn introduction to SOS polynomials can be found in Lall (2011).
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1. Two bodies 4 and ‘B are not in collision if there exists a hyperplane which
separates them. (Separating Hyperplane Theorem (Boyd and Vandenberghe,
2004, Section 2.5))

2. If two bodies A4 and B are in collision then there exists a point x such that x € 4
and x € B.

The positivity of Program 1 implies that there exists a hyperplane separating the two
bodies; thus, the bodies are not in collision. The infeasibility of Program 2 implies that
there is no point x common to both bodies; thus, the bodies are not in collision.

A detailed explanation of these certificates can be found in Dai et al. (2023, Section 3.2)

A.2 Polytopes and Convexity

For completeness, we formalise the concept of convex polytope by introducing the
definitions of convex sets and convex hulls from Boyd and Vandenberghe (2004).

Definition 4 (Convex set) A set C is convex if the line segment between any two points
in C liesin C, i.e., if for any x1,x2 € C and any 0 with 0 < 0 < 1, we have

Ox;+(1—-0)x € C

Definition 5 (Convex hull) The convex hull of a set C, denoted conv(, is the set of all
convex combinations of points in C:

convC ={01x;+...+0x¢ | x; €C, 0, >0, i=1,....k, 01 +---+ 6, =1}

With these concepts, Griinbaum (2003) defined a convex polytope as follows:

Definition 6 (Convex polytope) A convex polytope P is defined to be the convex hull
of any finite set of points in RY.



Appendix B

Joint Decomposition and Algebraic

Kinematics

(Wampler and Sommese, 2011, Chapter 4) provides a thorough description of algebraic
kinematics and low-order pairs. We summarise the different joint decompositions into
revolute and prismatic, with the addition of the universal joint (U). A description of
the universal joint and its restrictions and implications can be found in Lynch and Park
(2017, Chapter 2.2).

We define six types of algebraic joints:

Revolute (R): 1-DOF joint that rotates about an axis. We refer to the rotation
angle as 0. An example is a simple hinge or door handle.

Prismatic (P): 1-DOF joint that translates in an axis. We refer to the translation
variable as z. An example is a straight linear rail.

Cylindrical (C): 2-DOF joint that allows independent translation and rotation
about an axis. An example is the rods of a foosball table.

Planar (E): 3-DOF joint that translates in two directions, and rotates in the 2D
plane defined by the translation axes. An example is an air-hockey table.

Spherical (S): 3-DOF joint that allows rotation about three axes. That is, free
rotation between two links. An example of the human elbow.

Universal joint (U): 2-DOF joint that rotates about two orthogonal axes. They
are commonly used in the steering system of vehicles.

Recall from Chapter 5 that X% (g;) represents the relative motion when under the joint
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gi. We can represent this transform in the form:

FixCi(g;)

0 yi
1 z
0 1

if the i™ joint is R, P, C or E.
(B.1)

if the i joint is S or U.

([ cos(8;) —sin(0;) 0 x;
sin(0;)  cos(9;)
0 0
= 0 0
[ M(yi) 03x; ]
L O1x3 0

Each time you add a 3D rigid body/link to a robot system, you add 6DOF, but these
get restricted by the joint type included. Here we provide a summary of the constraints
applied by each joint, to a transform of the form of expression B.1:

Joint Restriction Definition of ¢;
R xi=yi=2z=0 gi = {6}
p 0i=xi=y;=0 qi =z}
C xi=y;=0 Qi:{ehzi}
E zi=0 qi = 10i,x:,yi}
S see equation (B.4) gi = {0ix,9iy, 0ic}
U | see equations (B.5,B.6,B.7) | ¢i = {0, 0iy} or {{i, i} or {0;y,0; .}

With this, we can express the joints C, E, S decomposed into P and R:

* C joint decomposed into one R and one P:

0s(6;) —sin(6;) 0 0O

sin(6;) cos(8;) O B
0 0 1z |
0 0 0 1

* E joint decomposed into two P and one R:

cos(B;) —sin(0;) 0 x;
sin(B;) cos(0;) 0 y;
0 0 1 0
0 0 0 1

cos(8;) —sin(B;) 0 0O 1 000
sin(6;) cos(B;)) 0 O 0100
0 0 1 0 001 z
0 0 01 00 0 1
(B.2)
(1 0 0 x 1 00O
10100 010 y
10010 0010
100 0 1 000 1
[ cos(6;) —sin(6;) 0 O
sin(B;) cos(0 00
EUE R
o0 0 01
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* S joint decomposed into three R expressed as Euler angles:

M(y;)

0 cos(Wic) —sin(Vig)

[ cos(yiy) —sin(yiy) O]

sin(yix) cos(yix) O |-
0 0 1]
[ 1 0 0

| 0 sin(yiz) cos(Wiz) |

cos(Yiy) 0 —sin(y;y)

0 1
sin(yiy) 0
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* U joint decomposed into two R joints expressed as Euler angles:

M (i)

or

or

cos(Yiy) O —sin(yiy)
0 1 0
sin(yiy) 0 cos(yiy)
cos(WYiy) —sin(yiy) O
sin(y; ) cos(Wix) O
0 0 1

Sin(\Vi,x) COS(Wi,x)
0 0

1 0
] : [ 0 cos(Wiz) —sin(yiz)

0 sin(yiz)

0 sin(yiz)

[coswi,x) ~sin(y.) 8] [cosow,y) 0
1

0
cos(Yiy)
(B.4)
0
cos(Yiz)
(B.5)

1 0
} . [ 0 cos(yiz) —sin(yi.)

0
cos(Vi;)
(B.6)




Appendix C

Spatial Algebra

C.1 Arithmetic Rules

We provide common addition, inverse, and multiplication rules for positions, rotations
and poses. A thorough revision of these concepts can be found in Tedrake (2023,
Section 3.3).

* Addition of Positions: Positions can be added if they are expressed in the same
frame and their target and “measured from” frames match:

Al +BpG =4p5 (C.1)

Additive Inverse:
App=-"pp (C2)

* Multiplication by a Rotation: Multiplying positions by a rotation changes the
“expressed in” frame:
pe="R"pp (C.3)

* Multiplication: Rotations and transforms can be multiplied when their reference
and target symbols match:

ARBBRC _ApC  AyBByC _ AyC (C.4)

Y

* Inverse Operation: Rotations and transforms have an inverse (when they are
squared matrices):

[ARB]_] _BRA. [AXB]_] _ ByA (C.5)
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C.2 Representing Rotations

Representing 3D rotations is crucial in various fields, such as robotics, computer
graphics, and aerospace engineering. There are four standard methods to represent 3D
rotations, which are discussed below:

1. Rotation Matrices: A 3x3 rotation matrix is an orthonormal matrix. Each
column of the matrix comprises the unit vectors along a frame’s x, y, and z
axes in another frame. It offers a straightforward linear algebraic method for
transforming coordinates and composing rotations. However, it is not the most
efficient in terms of computation or storage.

2. Euler Angles (Roll-Pitch-Yaw): Euler angles specify rotation by sequential
rotations around three principal axes, typically X, y, and z. The specific sequence
of rotations (e.g., x-axis, y-axis, then z-axis) matters and can represent any
rotation. However, Euler angles can suffer from gimbal lock, where two axes
align, and the system loses a degree of freedom.

3. Axis-Angle (Exponential Coordinates): The axis-angle representation uses
a vector whose direction represents the axis of rotation, and whose magnitude
represents the rotation angle. This compact representation can be intuitive for
single rotations, but it has singularities, such as when the rotation angle is zero.

4. Unit Quaternions: Quaternions provide a four-element representation, where
three elements correspond to the imaginary components, and one to the real
part. This unit-norm quaternion avoids singularities and gimbal lock, making it
a preferred choice for interpolating rotations (SLERP) and when dealing with
continuous rotation trajectories.

In practice, each representation has its use cases, and systems like Drake provide
facilities to convert between them.

A review of this concepts can be fount in Tedrake (2023, Chapter 3.3).



Appendix D

Computation of Gripper Frames

D.1 Definition of Pseudoinverse

From Datta (2010, p. 245-246):
Definition 7 (Moore-Pensore Pseudoinverse) Assume that A is a matrix m X n (m >
n) and has full rank. So, AT A is invertible. The matrix

A+ — (ATA)flAT

is called the pseudoinverse or the Moore-Penrose generalised inverse of A. This
definition of the pseudoinverse generalises the ordinary definition of the inverse of a
square matrix A. Note that when A is square and invertible

A+ — (ATA)_IAT :A—](AT)—IAT :A—l

D.2 Drake Code Example

Given that this dissertation’s contributions include implementing manipulation simu-
lations in Drake, we provide a snippet of code to showcase an example of how to use
rigid transforms, rotation matrices, and overall manipulation actions in the software.

This method takes as input two dictionaries X_WG and X_WO, which contain information
about the gripper and the object.

* X_WO contains poses of the object at specific steps. For instance, X WO["goal"]
is equivalent to " X ©=oal | For the purpose of computing relevant gripper frames at
grasping and pregrasping poses, this dictionary includes the initial and goal pose
of the object.

* X_WG contains poses of the gripper at specific steps. For the purpose of this
example, it is empty, so we can fill it out and return it.

This code was adapted from (Tedrake, 2023, Notebook 3).
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Algorithm 1 MakeGripperFrames

Input: X_WG, X_WO
Output: X_WG
p_-GgraspO = [0, 0.12, 0]

R.GgraspO = RotationMatrix.MakeXRotation(Z2:21)@
RotationMatrix.MakeZRotation(Z252t)
X_GgraspO = RigidTransform(R_GgraspO, p_-GgraspO)

X_0Ggrasp = X_GgraspO.inverse ()
X_GpregraspGgrasp = RigidIransform([0, 0.2, 0])
X_GgraspGpregrasp = X_GpregraspGgrasp.inverse ()

XWG["pick"] = XWO["initial"] @ X_OGrasp
X WG["prepick"] = X WG["pick"] @ X_GraspGpregrasp
X WG["place"] = XWO["goal"] @ X_OGrasp

[

X WG["postplace"] = X WG["place"] @ X_GraspGpregrasp
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Robot Kinematics

E.1 Stereographic Projection

ltl
m<0;<m
= tan(3)
= tan >
01
vyl 2 9_2 1%
X
t
8,12
04
2
lt4

Figure E.1: Visual interpretation of the stereographic projection in the unit circle (2D),
when 6 is bounded to —1t < 6; < 7.
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E.2 Derivation of IK for 3R Planar Robot

We have the following equations, where X, Y, ®,[; and [, are given constants.
(1) X = —Irsin(0; +62) — [ sin 6
(2) Y =lpcos(01+02) + 1 cosB;
(3)®=0;+6,+063
We hereby present the steps to derive the solutions for 81,0, and 05:
From equations (1) and (2):
15 sin(61 +92) = —X —1[;sin06;
lrcos(01+62) =Y — I cos 0
We square both expressions and add them together:
13 sin* (0] 4 03) + 15 cos? (01 +0,) =(—X — [y sinB;)? + (Y —[; cos 0;)?
13 (sin® (01 +02) +cos?(0; +6,)) =(—X)? +2X1; sinB; + [? sin> O,
Y- 2YlicosO; + l% cos261

I3 =X>4+Y?+17(sin*0; +cos?0;) — 211 (Y cosB; — X sin @)
-1 —X*—Y?
=20

We use the Pythagorean Theorem according to this figure:

\(L
=
a

Y

=YcosO; —XsinB,

such that

X
Oc:arctan(?), X =sina-VX2+Y2, Y =coso-\VX2+Y2
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(E.1)
(E.2)

(E.3)
(E.4)
(E.5)

(E.6)

(E.7)

We divide both sides of the last expression by v/ X2 + Y2 and substitute X and Y from

the expressions above:

l%—llz—Xz—Y2 _ coso- VX2 +Y?-cosB; —sinat- VX2 +Y2-sind

2 VXIFY? VXZ1Y?
B—1;—X>—Y?

= cos0.cosB; —sinosin B

—211\/X2—|—Y2
L—12—-Xx*-Y?

—2[1\/X2-|-Y2

=cos(0; +a)

(E.8)

(E.9)

(E.10)
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-1 -X>-Y?
0 = —ocj:arccos( 2 1 >

—211\/X2+Y2

0 t (X)jE (1%—1%—)(2—1/2)
= —arctan | — arccos
: Y 2 VX2 112

We continue with 6,. We divide equation E.1 by equation E.2:

lein(el +62) B —X —[;sin 0
Ircos(8;+02) Y —1I cosO;
—X —1[sin6;
Y —1licos0;
—X—l1 sin91

—— ) -
Y —1ljcos0;

tan(61 + 92) =

0, = arctan (

Lastly, from equation (3):

03=2—6, -6,
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(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)
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